ENGR 1100

Week 09- Polynomial Il
(Class lecture)



Learning Objectives

Upon completion this module, students will be able to:

> W N

Be able to curve fit a given data set

Use ‘Basic Fitting’ tool in MATLAB

Explain the process of Interpolations

Apply curve fitting, interpolation to real life problems



Curve fitting

Curve fitting is the process of adjusting a mathematical
function so that it lays as closely as possible to a set of
data points. We can then use function as a
mathematical model of data.

Two general ways to fit a polynomial to data points
1. Polynomial must pass through every data point

2. Polynomial does not need to pass through every
data point



Case |

Polynomials that pass through all the data points:

Given n data points (x,y;), can make a polynomial of degree n-1
that will pass through all n points.

For example,

* Given two points, can write a linear equation (polynomial of

degree one)
y = mx + b that passes through both points

* Given three points, can write a quadratic equation
(polynomial of degree two)
y = ax? + bx + ¢ that goes through all three points



Case |l

Polynomials that do not necessarily pass through any of the
points:

Given a set of n data points (x,y;), can often make a polynomial
of degree less than n-1 that may not pass through any of the
points but still approximates the set overall

Most common method of doing this is called the least-
squares fit



Least-squares fit

To make a least-squares fit of a polynomial p(x)
of degree n to a set of data points (x,y.)
1. Compute the difference p(x;)-y; at each data point

— Difference is often called the residual or error

2. Square each difference
Sum the squares

Find the values of the n+1 coefficients of p(x) that minimize
this sum



Example- Least Square fit
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Figure 8-1: Least square fitting of first degree polynomial to four points.



MATLAB polyfit()

MATLAB function polyfit computes least-
squares best fit of data points to a polynomial

ij = polyfit(x,vy,n) \

p is the vector of the coeffi-
cients of the polynonual

that fits the data.

% 15 a vector with the horizontal coordinate
of the data points (independent variable).

y 15 a vector with the vertical coordinate of
the data points (dependent variable).

n 1s the degree of the polynomual.



Curve fitting steps

Introduce x and y vectors

Find the coefficient vector using p= polyfit(x,y,n)

Evaluatey_p using x_p with y_p=polyval(p, x_p)

Plot and see the results
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MATLAB Example 1

* Try polynomials of different degrees (1,2, ..., 6) to fit the
same set of data points.

(0.9, 0.9), (1.5, 1.5), (3, 2.5), (4, 5.1), (6, 4.5), (8, 4.9), (9.5, 6.3)
x=[0.9 1.5 3 4 6 8 9.5];

v=10.9 1.5 2.5 5.1 4.5 4.9 6.3];

scatter (x,V)
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Other functions

How to fit functions that are not polynomials?

The four functions below are commonly used and can be
converted to polynomials (in fact linear polynomials) through
mathematical tricks. Can then use polyfit to fit them

.‘y
l‘,

l‘,

bxm m can be any real number (povver function)

bemx or y = h10™

mlin(x)+5 or y

1
mx + b

(exponential function)
mlog(x) + 5 (logarithmic function)

(reciprocal function)
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Other functions

All of these functions can easily be fitted to given data with the polyfit func-
tion. This 1s done by rewriting the functions in a form that can be fitted with a lin-
ear polynonual (» = 1) which has the form:

v=mx+b

The logarithmic function 1s already in this form, and the power, exponential and
reciprocal equations can be rewritten as:

In(y) = min(x) + Inb (power function)

In(y) = mx+In(b) or log(y) = mx+log(b) (exponential function)

l = mx+>b (reciprocal fllﬂCtiOll)

‘-
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Polyfit()

Function polyfit function form
power y = bx™ p=polyfit (log(x),log(y),1)
exponential y = be™ or p=polyfit(x,log(y),1) or

y = bh10™ p=polyfit(x,loglO(y),1)
logarithmic y = mln(x)+5 or p=polyfit(log(x),y,1l) or

y = mlog(x)+5 p=polyfit (logl0(x),vy,1)
reciprocal  y = 1 p=polyfit(x,1l./vy,1)

mx + b

The output p has two elements: p (1) is the coefficient m above and p (2)
isborlog(b)

Polyfit (.., 1) meansthe transformed function is a linear function
(n=1)
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Data checks

A good way to tell if any of the four functions will be

a good fit is to
the data looks

olot them with the axes indicated. If
inear, use the corresponding

function in po
X axis y axis
linear linear

yfit
Function

limear y = mx+5

logarithmic logarithmic power y = bx™

linear logarithmic  exponential y = be™ or y = 510

logarithmic  linear

linear linear

mx

logarithmic y = mln(x)+5 or y = mlog(x) +5

1

reciprocal y =
P ' mx + b

(plot 1/y)
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MATLAB Plotting

Here are some MATLAB functions that plot the
axes different ways

e plot —xlinear, y linear

* semilogx —xlogarithmic, y linear

* semilogy—xlinear, y logarithmic

* 1loglog—xlogarithmic, y logarithmic



Considerations in Choosing a function

y=05 4 y=3

* Exponential functions

— Can't pass through origin

0
9
8
7
6}
5
3
2

— Can only fit data that is all
positive or all negative R

* Logarithmic functions can't
model points with x<0




Considerations in Choosing a function

e Power function is 0 when x
=0

* Reciprocal function can't | -
model y=0




MATLAB Example 2

The following data points are given. Determine a function w = f{(¢) (¢ is the inde-
pendent variable, w is the dependent variable) with a form discussed in this sec-
tion that best fits the data.

t 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

w 6.00 | 483 | 3.70 | 3.15 | 241 | 1.83 | 1.49 | 1.21 | 096 | 0.73 | 0.64




Curve Fitting Example 3

Write a user-defined function that fits data points to a power function of the
form y = bx™. Name the function [b,m] = powerfit (x,y), where the
input arguments x and y are vectors with the coordinates of the data points,
and the output arguments b and m are the constants of the fitted exponential
equation. Use powerfit to fit the data below. Make a plot that shows the
data points and the function.

x 0.5 24 3.2 4.9 6.5 7.8
y 0.8 9.3 379 | 68.2 155 198

Transformation: log(y) = m log(x) + log(b) 2 § = mx + b

Let p be the polyfit() result of parameters, so this is how to decipher the parameters
for this transformation. m = p(1), and b = p(2)> b = 10?
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Interpolation

Interpolation is estimating values between data points.
MATLAB can do interpolation with polynomials.

One-dimensional interpolation:

* Linear interpolation is estimating value between two data
points by connecting points with a straight line and then using
value on line as estimated value

* Curve between two data points has constant slope
* In general, slope of curve changes at every data point

* Nonlinear interpolation: we can get smoother interpolations
by using quadratic or cubic splines, which are polynomials
whose coefficients are based only on data points near
interpolated point




Linear interpolation

Suppose have data points (x,y;) and (x;,,,y:.;) and want estimate
of value y at x, with x;< x <x;,; Figure shows (x,y) on straight
line between two data points, i.e., the linearly-interpolated
point. Equation for y is

4y

Yi+1 — Yi YiXi+1 — Yi+1Xi
= X +
Xi+1 — X Xi+1 — Xi

(Xi+1> Yi+1)
X
L

)




Interpolation

llonell

- MATLAB function interpi

interpolation

/ yi = interpl (%, Y Xi, "method’)
vi 1s the /

interpolated % 15 a vector with the horizontal coordinate of
value. the input data points (independent variable).
v 15 a vector with the vertical coordinate of
the input data points (dependent varnable).
%1 15 the horizontal coordinate of the interpo-
lation point (1ndependent variable).

() does one-dimensional

Method of
mterpola-
tion, typed as
a string
(optional).

* The vector x must be monotonic (the elements in ascending or descending

order).

* x1 can be a scalar (interpolation of one point) or a vector (interpolation of
many points). Respectively, y1i 1s a scalar or a vector with the corresponding

interpolated values.
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Interpolation Methods

MATLAB can do the interpolation using one of several methods that can be
specified. These methods include:

‘nearest’ returns the value of the data point that i1s nearest to the
mterpolated point.
‘linear’ uses linear spline interpolation.
‘spline’ uses cubic spline mterpolation.
‘pchip’ uses piecewise cubic Hermite interpolation, also called
‘cubic’
When the ‘nearest’ and the ‘1inear’ methods are used, the value(s) of
x1 must be within the domain of x. If the *spline’ orthe ‘pchip’ meth-
ods are used, xi can have values outside the domain of x and the function
interpl performs extrapolation.

The ‘spline’ method can give large errors if the mnput data points are non-
uniform such that some points are much closer together than others.

Specification of the method 1s optional. If no method 1s specified the default 1s
‘linear’.
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MATLAB Example 4

The following data points, which are points of the function f(x) = 1.5 cos(2x),
are given. Use linear, spline, and pchip interpolation methods to calculate the
value of y between the points. Make a figure for each of the interpolation methods.
In the figure show the points, a plot of the function, and a curve that corresponds

to the interpolation method.

0

1

1.0

—0.6242

—1.4707

3.2406

—0.7366

—6.3717
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Basic Fitting Tool

MATLAB has a tool that lets you perform interpolation
interactively.

e Curve fit with polynomials up to degree 10

 Compare fits with different polynomials by plotting on same
graph

* Plot and compare residuals

e C(Calculate interpolated values

To activate tool

1. Plot data points

2. In Figure Window, select Tools, then Basic Fitting



Selectdata: | dato 1

[ ] Cenber and scale x dita
Plat fits Mumerical results
Check to display fits on flgure
cpling interpolant Fit | aiic ﬂ
%mm-ﬂrmﬂnmmmt T iy =
ln=ar - ki HM. -
¥y = pl¥*x~] + pi*x*2 + Enter m_im{sj:rduﬁlmTLﬁﬂ
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E Sth deii EI;T.ZL Cosfficienta: L5 | evaliate |
[ 6th degree palyramial pl = -0.50249 ~ £ i
[ 7t degree palyromal pZ - 3.231% = T
[] Bth d=gree palyromial pd = -4.0857
[] oth degree palyromial pd = 1.07%8
[ 1oth degree pelyniomal
[] Shi#s eguations Horm of residoela =
| 2.5742
Sgifcentdgit: 2w
[«] Plot resicusks
| Bar plot | ]
| Subplot W
[+#] Show nom of regdusls | Save to workspace... |
alliel il (£]

Figure 5-3: The Basic Fitting Window.
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Fields in Basic Fitting Window

Select data

— If more than one data set plotted, lets you select which one to work
on

e Can only work on one data set at a time, but can perform multiple
fits simultaneously on that data

Center and scale x data

— Data centered at zero mean and transformed so that standard
deviation is one

Check to display fits on figure
— Select types of fits you want MATLAB to perform and display

Show equations

— If checked, MATLAB displays equations of fits selected in box above
field



Fields in Basic Fitting Window

Plot residuals
— Indicate whether or not to plot fit residuals and style of residual plot
Show norm of residuals

— Indicate whether or not to display norm of residuals.
* A measure of the quality of the fit
* Smaller norm means a better fit

Fit Select which fit to examine details of

Coefficients and norm of residuals

— Show numerical values of coefficients in fit equation and value of norm

Find y = f(x)

— Provide ability to examine fit values of manually-entered independent-
variable values



Gubic spline inferpolant
y=-083%+15
y=-0B1x £ 32%° - B+ 11

Spline: nofm of fesiouaks = 0
Lingar norm of esiduals = 60013
Cubio: nomm Of residuals = 2.5742

Figure 8-4: A Figure Window modified by the Basic Fitting Interface.

29



MATLAB Example 5

X=0:0.5:5;
Y=[6, 4.83, 3.7, 3.15, 2.41, 1.83, 1.49, 1.21, 0.96, 0.73, 0.64];

Find the bet fitted curve using MATLAB'’s curve fitting feature of

Basic Fitting tools. Write the equations of the curve. Also, find
the norm of residuals.
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