2g – Exponential Growth and Decay
Objectives:
The goals of the unit are that you will be able to:
· Find equations for exponential growth and decay
· Find and apply doubling time and half-life
· Identify situations that can be modeled with exponential growth and decay
· Use exponential growth and decay in applications
Textbook Sections (OpenStax Precalculus):
Section 4.7: Exponential Models (we won’t use the logarithmic ones)
Exponential Growth and Decay
We saw exponential growth and decay earlier, which we said were situations that could be modeled by equations of the form   We also saw continuous growth and decay, which we said were situations that we modeled with base e exponential functions, using .  In this section, we will use base e models for all exponential growth and decay equations.  We use different notation because now that we have moved away from the primarily financial examples, new notation can be useful.
We will use the exponential function to model all exponential growth and decay situations:

where A0 (read “A-naught”) is equal to the value at time zero and k is a non-zero constant that determines the rate of growth or decay.  Positive values of k represent growth and negative values of k represent decay.
1. Check that  is the value at time 0 for the exponential function .
Identifying exponential growth and decay	
Many real-world situations can be modeled with exponential functions.  These are situations where the rate of change of the function over a period of time is proportional to the value of the function at the beginning of the period.  Here is an example: The amount of money in a bank that pays 2% interest a year.  This is because the rate of change each year is 2% of the amount in the beginning of the year.  
2. For the following statements identify whether the statement represents an exponential function. Explain.
1. The average annual population of wolves over time, when each year the population grows by 2%.


1. The value of a coin collection over time, where the value has increased by 3.25% annually over the last 20 years.
1. The height of a projectile at time t is represented by the function .
1. A population of bacteria decreases by a factor of 1/8 every 24 hours.  (That is, every day, it loses an eighth of the population.)
1. For each training session, a personal trainer charges his clients $5 less than the previous training session.

3. Explain why it makes sense for population growth to be exponential instead of linear.  Why should the rate of change of the population be a percentage of the current population instead of a fixed number?
Fitting an exponential growth or decay model to a situation
In order to find an equation of the form  to a situation, we need some data.  First, we will look at how to find the equation if we know two data points.
4. In 2017 (midyear), the population of the world was 7.55 billion people.  We want to find a function  that gives the population in billions t years after mid-2017.  
a. Which of the letters, P, t,  e, and k, are things we need to find in order to have a function that we can actually use?



b. Which of the letters are we able to find right away with the given data?  Find any you can.

c. What is the one letter that we don’t have enough data to find the value for?


d. In 2018 (midyear), the population of the world was 7.63 billion people.  Set up an equation that uses this fact and solve the equation for the one remaining unknown.

e. Now write out your equation of the form  and use it to estimate the population of the world in 2030.
For exponential growth and decay situations, we have the following definitions:
Doubling time = the time it takes for a quantity to double
Half-life = the time it takes for a substance to decay to half of its original quantity
Note: for exponential functions, doubling time and half-life are constant!  They do not depend on the time or how much is currently present.
5. To find a formula for the doubling time, solve the equation  for t.


6. Use the formula you found for the world population to calculate the doubling time of the world population.



7. Suppose there is a population of rabbits in the park that is growing exponentially.  On September 1, there were 30 rabbits.  One month later there were 60 rabbits.  When will there be 240 rabbits?







8.  A population of bacteria doubles every 6 hours. If the culture started with 5 bacteria, find an equation of the form  that gives the population of bacteria after t hours.
















9. A doctor prescribes 125 milligrams of a therapeutic drug that decays by about 25% each hour, meaning that about 25% of it is out of the patient’s system after an hour.
a) Critique the following argument: Since 25% leaves your system every hour, after 2 hours, 50% will be out of your system, so the half-life is 2 hours.



b) Write an exponential model of the form  representing the amount of the drug remaining in the patient’s system after t hours.  













c) Similarly to the formula for doubling time, the formula for half-life is   Use your exponential model to find the actual half-life of the drug in the patient’s system.







Radiocarbon Dating
10. The half-life of carbon-14 is 5730 years.  It is a radioactive substance, so it decays by transmuting into carbon-12.  After 5730 years, half of it will have become carbon-12.
a) Express the amount of carbon-14 remaining as a function of time, t.  Use  as your initial value.






b) A bone fragment is found that contains 20% of its original carbon-14. To the nearest hundred years, how old is the bone?
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