3a - Angles
Objectives:
The goals of the unit are that you will be able to:
· Draw angles in standard position.
· Convert between degrees and radians.
· Find coterminal angles.
· Find the length of a circular arc.
Textbook Sections (OpenStax Precalculus):
Section 5.1: Angles
Angle basics and degrees
1. Let’s learn some history.  The Babylonians invented degrees as a way to measure angles around 4000 years ago.   They chose 360° to be a complete rotation of a ray back to its starting point.
Let's think about why they might have chosen that number.  One hypothesis has to do with the calendar.  The number is close to...


[bookmark: _GoBack]The Babylonians used a base 60 number system similarly to how we use a base 10 number system.  The number 60 was as significant to them as 10 is to us.  Thus, it is also hypothesized that they may have chosen what angle they would call 60° and then defined a degree to be  of it.  What is special about a 60° angle that may have made them choose that angle to be called 60°?





Standard position: An angle is in standard position if it is drawn on a coordinate plane with its vertex at the origin and its initial side on the positive x-axis.  The angle rotates from the initial side to the terminal side. Angles of positive measure are rotated counterclockwise and angles of negative measure are rotated clockwise.  
[image: ]
2. Draw a 180° angle and a -90° angle in standard position.
Quadrants are labeled I, II, III, and IV, going counterclockwise starting from the upper right.  If an angle in standard position has a terminal side ending in some quadrant, we usually abbreviate that to say that the angle is in that quadrant.  For example, the angle in the figure above is in Quadrant II.
3. What quadrant is -380° in?

Note that angles that terminate on the axes, such as 0° or 90° are called quadrantal angles.

Radians
4. In this problem, we will learn the definition of radians and see different ways to think about radians.
For our first definition of radian measure of an angle, consider a circle with radius .  An angle with its vertex at the center of a circle is called a central angle of the circle.  If the length of the arc intercepted by the central angle  is , then the radian measure of the angle is   
(Note that radian measure is a unitless ratio, so we can write it without units. If we say “t=3,” we mean angle t has a radian measure of 3.  If we want to say 3 degrees, we specify it with the degree symbol °.)

[image: ]
a. Use the  definition of radian measure to find the radian measure for a 360° angle on a circle of radius r.  It will help to use the formula for the circumference of a circle: C=2πr.

b. Does the radian measure of a 360° angle depend on the radius of the circle?


c. With that in mind, we can choose to define radian measure by looking at a circle of radius 1 instead of an arbitrary circle of radius r.  Complete the new definition:

On a circle of radius 1, if the length of the arc intercepted by the central angle  is , then the radian measure of the angle  is


d. Draw a picture showing a circle of radius 1 with a central angle measuring 1 radian.  You should use the definition in part c to estimate how big 1 radian should be.  



e. In part a, you found how many radians equals 360°.  Use your answer to find how many degrees equals 1 radian.


f. The picture below shows a circle with 24 equidistant rays coming from the center.  Since a circle of radius 1 has circumference 2π, the radian measure of a 24th of a circle is .  Complete the labeling of the radian measures of the angles in standard position that terminate at each point on the circle.  Assume all the angles are going clockwise, so they should all have non-negative radian measure.  (Just do the quadrantal angles and the first quadrant in class – fill in the rest on your own time.)
[image: ]
Converting between degrees and radians
Recall that 360 degrees = 2π radians, so half of that is 180 degrees = π radians.  Thus, to convert between radians and degrees, we can set up a ratio and solve for the unknown quantity.  The ratio we use is:

For example, to convert 90 degrees to radians, we put in 90 where it says “degrees”.  When we solve for “radians”, we get 
5. Convert the following angle measures from degrees to radians and vice versa.  Remember that if there is no unit specified, it is radians.
a. 30°




b. 45°


c. 60°


d. 


e. 


Coterminal angles
Before we define coterminal angles, let’s familiarize ourselves with the Greek letter  (theta).  It is used frequently as an angle variable.  Thus, if we say, for example, , you know we are referring to an angle of measure 2 radians. We will also use other Greek letters for angle variables, including  (alpha) and  (beta).



Coterminal angles: Two angles are coterminal if they have the same initial and terminal sides as each other.
6. 
a. Give an example of two coterminal angles that are not equal.

b. True or false: two angles are coterminal exactly when their degree measures differ by a multiple of 360° (i.e. their radian measures differ by a multiple of 2π).


c. Find an angle θ in the interval [0, 2π) that is coterminal to .  Which quadrant is it in?

Arc length
Recall that in our first definition of radian measure, we said that the radian measure of a central angle on a circle was the ratio  of the length of the arc traced by the angle to the radius of the circle.  In other words, if θ is in radians, then   Now we solve for the arc length  to get .  To summarize:
The length of an arc on a circle of radius  traced by a central angle of radian measure θ is 
Note: If the angle is given in degrees, you must convert it to radians!
7. Assume the orbit of Mercury around the sun is a perfect circle. Mercury is approximately 36 million miles from the sun.  In one Earth day, Mercury travels about a central angle of 4.1° around the sun.  How many miles does Mercury travel in one Earth day?
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