3f - Graphs of the sine and cosine functions
Objectives:
The goals of the unit are that you will be able to:
· Define periodic functions and identify the periods of such functions
· Graph the sine and cosine functions
· Graph translations, phase shifts, and changes in amplitude and period of the sine and cosine functions
· Find equations that describe sinusoidal graphs
Textbook Sections (OpenStax Precalculus):
Section 6.1: Graphs of the Sine and Cosine Functions
Note the definition of periodic functions is in 5.3
Motivating Questions:
· What do the graphs of sine and cosine look like?
· How can sine and cosine functions help us describe real-world situations?
Periodic functions
A periodic function is a function that repeats a pattern over and over.  The period of a periodic function f is the least positive number P such that  for all x in the domain of f.  In other words, the period P is the length of the interval that keeps repeating.
1. The graph below is of a periodic function   Answer the following questions about the graph.
[image: ]
a. Note that the graph repeats a pattern (i.e., it is periodic) and it passes through points (2,11) and (10,11).  Is it correct to say the period is   If not, how could you better determine the period?



b. What is   What about 





c. Give a list of all values of x where , assuming the domain is all real numbers.  (Your list should be infinite, so indicate how it should continue forever).

d. Is f a one-to-one function?



2. Now we will think about the sine and cosine functions.  Recall that  is the height of the point on the unit circle corresponding to an angle of measure x radians.  
a. Explain why the period of the sine function is 2π.







b. What is  Don’t use a calculator.


c. Find all values of x where 





d. The period of cosine is also 2π.  Find all values of x where 





The graph of the sine function
3. First, we will graph the sine function.  
a. Complete the following table.  It will help to think about reference angles or symmetry of the unit circle.  Write your answers in both exact form and approximate decimal form.
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b. Recall that sine is an odd function, which means that  for all x.  Use your previous table and that fact to complete the following table.

	
	0
	
	
	
	
	
	
	
	

	

	0
	

	


	
	
	
	
	
	



c. Plot all your data points on a coordinate plane, where the x-axis goes from -π to π and the y-axis goes from -1 to 1.  Your plot doesn’t need to be perfect.  You just want to get the general shape.  
[image: ]

d. Once you have plotted the points, connect the dots to get a graph of the sine function from -π to π.  You should look up a graph online or on a calculator to make sure your shape looks right.  

e. Recall that the sine function has a period of 2π.  Your graph is on an interval of 2π, so it repeats over and over again to make the complete graph of the sine function.  With that in mind, draw a graph of  with the x-axis going from -2π to 4π.  (Your graph need not be perfect, but make sure that every multiple of  looks like it’s in the right place.)

The graph of the cosine function
4. Next, we want to sketch a graph of   We know that cosine gives the x-coordinate of the point on the unit circle as we rotate around the circle, so it should act similarly to the sine function.   In fact,  is a translation of  to the left by  so that the point (0,1) is on the graph of the cosine function.  With this in mind, sketch a graph of the cosine function from  to .








Recall that a function f is even if  and a function f is odd if   Being even or odd also can be seen by looking at the graphs.  Even functions have reflectional symmetry across the y-axis.  Odd functions have rotational symmetry about the origin: that is, if you rotate the graph 180° around the origin, it will come back to the original graph.  Take a moment to look at the sine and cosine graphs and think about the symmetry present and how that relates to them being even or odd.
5. Write a sentence or two summarizing how you can tell whether sine and cosine are even or odd.

Changing the amplitude and period
For the rest of this worksheet, we will discuss stretching, compressing, and shifting the graphs. The reason we do this is that many real-world situations, such as average daily temperature, can be modeled with variations of sine and cosine functions.
A function is called sinusoidal if it is a modification of the sine or cosine functions, though stretching, compressing, and translating.  Sinusoidal graphs have the same general wave pattern that the sine and cosine graphs have.  Sinusoidal functions can be graphed using the following formulas:

or
.
We will learn the meanings of all the letters as we progress.  First, however, we introduce the letter E, not used in the OpenStax textbook, but that can help make things simpler.  While we will sometimes use the letter C as in the previous equations, we will more often use the letter E as in the following equations:

or

Note that the difference between the form with C and the form with E is the parentheses.

6. The first letter that we will look at is A.  In particular, we are going to first limit ourselves to equations of the form  and 

a. First, we want to graph   Multiplying  by 2 stretches the function so the maximum value is 2 instead of 1 and the minimum is -2 instead of -1.  With this in mind, sketch a graph of  and  on the same axes.














b. Considering what your graph of  looks like, draw a graph of  on the same axes.  
c. Now draw  and  on the same axes.

d. The amplitude of a sinusoidal function is the distance from the midline to the maximum value.  In other words, the amplitude is   Find the amplitude of  and 


e. For functions of the form  or  which of the following is the correct amplitude,  or   

Important note: at this point, it probably looks like we should define the amplitude simply as the maximum value instead of half the distance between the maximum and minimum values.  It is true that this works as long as there is no vertical translation, but as soon as we change where the midline is with a vertical translation, this would no longer give the correct amplitude.  We will see examples of this later.
7. While the coefficient A in  or  determines the amplitude , the coefficient B in  or  determines the period.  In particular, the period of the function 
 or  is 

a. Let’s think about how to graph a sinusoidal function with a period other than 2π.  Consider the function   What is its period?  The usual sine function does its full period of a “mountain” and then a “valley” between 0 and 2π.  For  we want to do an entire period between 0 and π instead, and then repeat that.  Where should the graph cross the x-axis?  Where should it have maxima and minima?  Sketch a graph over at least 2 periods.












b. Now sketch two periods of .







Note: the textbook says the period is   However, allowing B to be negative just unnecessarily complicates things, so we won’t do it.  Either formula is fine since we will only have positive values of B.
8. Since  is the period of the function, give a formula for B in terms of the period P.


9. Determine an equation for the following graph in the form  or .
[image: A graph with sine parent function. Amplitude 2, period 2, midline y=0]

10. Determine an equation for the following graph of the form  or .
[image: A graph with a sine parent function. Amplitude 1, period 4 and midline y=0.]

Phase shifts and vertical translations
Recall that sinusoidal functions are given by equations in the form  or 
.  We have talked about how A determines the amplitude and B determines the period.  What about E and D?  Let’s look at E first.
11. When you replace x in  with  for a positive number E, the graph of  is shifted E units to the right of the graph of   If the graph looks like , for example, this has , so we shift “-2 units right,” which is the same as 2 units left.  For  the E is called the phase shift.  The phase shift is the horizontal translation to the right, so if E is negative, it is a translation |E| to the left.
a. The graph of is a translation of the graph of  how many units and in what direction?



b. Sketch a graph of  over 2 periods.










c. Give an equation that describes the graph of  using sine instead of cosine.  (There is more than one correct answer.)


12. Recall that the textbook describes sinusoidal functions with C instead of E, using the formula 
 instead of .  
a. Consider the function . Which of the following is true, and why?
A. The graph of is a translation  units to the right of the graph 
B. The graph of is a translation  units to the right of the graph of .









b. Graph  over two periods.  It is highly recommended that you first graph  and then translate it.  








c. If you are given an equation in the form , how can you identify the phase shift E?  Write a formula for E in terms of any of the other variables.



13. Vertical translations are simpler, but may be a little tricky to recognize.  The letter D in 
 is the vertical translation.  Positive D means translate up, and negative D means translate down.  Sketch a graph of  by first writing it in the form 
. You will probably want to refer to your graph from the previous problem.
	
Graphing sinusoidal functions
Recommended strategy:
Given a sinusoidal equation:
· First, rewrite it as  or .
· Identify the amplitude  and period 
· Graph  or  by changing the amplitude and period of sine or cosine, and flipping across the x-axis if A is negative
· Perform the phase shift of E and vertical translation of D one at a time.

14. Sketch the graph of  over 2 periods.  

Fitting equations to sinusoidal graphs
Many real-world situations involve sinusoidal graphs.
15. Follow the steps to fit a sinusoidal equation to the graph below.  These steps are useful for any situation where you want to fit an equation to a sinusoidal graph.
[image: ]
a. First, find the amplitude 

b. Next, find the period P.  Use this to find B.


c. Find the midline, which is halfway between the max and min. (Minimum + amplitude will work.)  The midline gives the vertical shift because you are shifting the line that is normally at y=0 to the new midline.  Thus, what is D?



d. Before you find the phase shift, you must choose an equation: sine, cosine, -sine, or -cosine.  All four of them will always work, but there are usually one or two that will be easiest.  Before choosing an equation, draw simple graphs of all four functions so that you can see in particular where they intersect the y-axis.  For example, we say sine “starts at its midpoint and then does a mountain and then valley.”  






e. [bookmark: _GoBack]If the graph you are finding an equation for intersects the y-axis at either its midpoint, its maximum, or its minimum, then one of the four equations will allow you to choose a phase shift of 0.  However, for a graph such as this one, there is no way to avoid a nonzero phase shift.  In these cases, it is typically easiest to use cosine or -cosine.  To use cosine, note that if there was no phase shift, the maximum would be at x=0.  Translate it horizontally so that the maximum lines up with the graph.  For instance, the maximum is at x=1 or x=-5, so you can shift right 1 or left 5.  Choose a function and a phase shift E.



f. Put it all together and make an equation.


g. Now try making a different choice in part e so you can get a new equation.  






16.  In this problem, we find a sinusoidal equation that gives the height of a ferris wheel at time t.  Suppose we have an 80m-high ferris wheel that makes a full rotation every 2 minutes.  If a rider gets on the ferris wheel at time t at the bottom (height 0 meters), we will find a sinusoidal equation that gives their height after 2 minutes.  
a. First, draw a sinusoidal graph of the function which gives the height of the rider in meters  minutes after boarding.  








b. Next, fit a sinusoidal equation to your graph.  Try to find an equation that has a phase shift of 0.





Created by Marcela Chiorescu and Rachel Epstein as part of Affordable Learning Georgia Textbook Transformation Grant #449.  Parts of this document are modified from Active Prelude to Calculus by Matthew Boelkins (https://activecalculus.org/prelude) and OpenStax Precalculus: Download for free at https://openstax.org/details/books/precalculus.  Distributed under a Creative Commons Attribution-ShareAlike 4.0 International License.
image3.jpeg




image4.jpeg
f(x)




image5.png




image1.png
1111111

IIIIIIIIIII
111111111




image2.png
gl
B

glo





