3c  - The other trigonometric functions
Objectives:
The goals of the unit are that you will be able to:
· Define the tangent, cotangent, secant, and cosecant functions using the unit circle
· Find the function values of the trig functions at quadrantal angles
· Identify the domains and ranges of the trig functions
· Use properties of even and odd trigonometric functions.
· State and use fundamental identities.
Textbook Sections (OpenStax Precalculus):
Section 5.3: We will come back to the parts on special angles and reference angles later.
Other trigonometric functions
In addition to sine and cosine, there are four other trigonometric functions: tangent, cotangent, secant, and cosecant.  
As an example of how other trig functions are used, suppose you are on a treadmill walking on a 7% incline.  What does 7% incline mean? Take a guess, then we’ll discuss what it actually means.


[image: ]
Definition of tangent (tan), cotangent (cot), secant (sec) and cosecant (csc):
If t is an angle (measured in radians or degrees) and (x, y) is a point where the terminal side of the angle intercepts the unit circle, then
			
Note that the trig functions are of course undefined when their denominators would be 0.  

1. Find the values of the four new trig functions, or state that they are undefined:
a. At t=0





b. At  or 90°




2. For each quadrant, I, II, III, and IV, specify which trig functions are positive and which are negative.  Include all six trig functions.
Quadrant I: 


Quadrant II:


Quadrant III:


Quadrant IV:


Domains and ranges of trig functions
Recall that we know that the domain of sine and cosine is:

The range of sine and cosine is:

Next we will learn the domains and ranges of the other trig functions.
3. True/false (explain): Tangent is undefined when the denominator, x, is 0, so the domain of tangent is all real numbers except 0.



4. Let’s find the actual domain of the tangent function.  Since  , tangent is undefined when x=0.  Recall we are looking for all the inputs where tangent is defined.  

a. Find a value of t in radians where x=0.  Then find another.




b. What are all the values of t in radians where x=0?



c. These are the points where cotangent is undefined, so it is defined everywhere else.  State the domain of cotangent. (You can use words instead of interval notation.)

d. What other trig function has the exact same domain?


5. Repeat the previous problem, but with cotangent instead of tangent.  Recall that  so it is undefined when y=0.  There is more room on the next page.





6. Next, let’s think about ranges. Recall that the range is the set of all possible outputs.
a.  Recall that the slope of a line is the rise over the run.  Which of the trig functions is actually just the slope of the line from the origin to 

b. Can any number be the slope of a line from the origin to a point on the unit circle, or are there some numbers that can’t?  Think of a variety of examples, such as very big numbers, very small numbers, 0, and negative numbers.



c. What can you conclude is the range of the tangent function?  The cotangent function has the same range.



7. In this problem, we will find the range of secant and cosecant.
a. Note that .  The  in the denominator is the x-value of a point on the unit circle, so it ranges between -1 and 1.  Thus the range of secant is the set of all outputs of the function  when the inputs are restricted to   Use this to find the range of secant.  Draw a graph to help.  (Try it without a calculator before checking with a calculator if you’re not sure.)


b. What is the range of cosecant?

Even and odd trig functions
A function  is called even if  and odd if   
[image: Graph of circle with angle of t and -t inscribed. Point of (x, y) is at intersection of terminal side of angle t and edge of circle. Point of (x, -y) is at intersection of terminal side of angle -t and edge of circle.]
8. In this problem, we will determine which of the six trig functions are even and which are odd.  Consider the picture above.  For each of the 6 trig functions, evaluate the function at both  and   Then determine if it is even or odd and write an identity expressing the relationship.  These identities are called the negative angle identities or the even/odd identities.  Sine is provided as an example.

  Thus, sine is odd.  The identity is: 
 


Fundamental Identities
Below is a list of all six trig functions, as defined using a point  on the terminal side of the angle  on the unit circle.  


9. 
What relationship do you notice between the top row and the bottom row?  Write three identities to express this relationship.

10. How can you write tangent and cotangent in terms of sine and cosine?  Give two new identities.


11. Recall the Pythagorean Identity   Divide both sides of the equation by  and simplify.  What new identity do you get?  This is called an alternate form of the Pythagorean Identity.

12. What would you divide both sides of the Pythagorean Identity by in order to get the following alternate form?




Using trig identities
Now we have a lot of trig identities.  Let’s use them.
13.  Suppose  and  is in Quadrant III.  Find the following:
a. 

b.  (hint: find  first)


c. 

d. 



14.  Suppose   What are all possible values of   




Trig functions as ratios
15. In this problem, we will develop a new, equivalent, definition of the trig functions that can be used in different situations.
a. First, draw an angle θ in standard position and label any point on its terminal side (x,y).  (Do not choose the origin as your point.)

b. We are not assuming that (x,y) is on the unit circle, so its distance from the origin may not be 1.  What is the distance between (0,0) and (x,y)?  



c. We can call that distance r.  So r=
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d. Next, we want to think of all six trig functions as ratios involving x, y, and/or r.  Complete the list of definitions (identities may help):






Note that our original definition is the same as this new one except with the distance from the origin equal to 1.

16. Consider an angle in standard position whose terminal side passes through the point (6, -8).  Find all six trig functions of the angle.
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