2c – Applications of Exponential Functions
Objectives
By the end of this session, the student will be able to: 
· Understand the difference between exponential growth and decay.
· Know and use compound interest formulas.
· Evaluate exponential functions with base e.
· Know and use the formula for continuous growth/decay, such as for interest compounded continuously.
Textbook Sections (OpenStax Precalculus):
Section 4.1: Exponential Functions, continued
1. Suppose that at age 20 you have $20,000 and you can choose between one of two ways to use the money: you can invest it in a mutual fund that will, on average, earn 8% interest annually or you can purchase a new automobile that will, on average, depreciate 12% annually. Let’s explore how the $20,000 changes over time.
Let denote the value of the $20,000 after t years if it is invested in the mutual fund, and let  denote the value of the automobile t years after it is purchased.

a) Determine  and a general formula .
b) Note that if a quantity depreciates 12%, annually, after a given year 88% of the quantity remains. Compute  and a general formula .


Exponential growth and decay
A function that models exponential growth grows by a rate proportional to the amount present. For any real number x and any positive real numbers a and b such that , an exponential growth function has the form 

where 
· a is the initial value of the function.
· b is the growth factor. 
· r = b-1 is the growth rate

A function that models exponential decay decays by a rate proportional to the amount present. For any real number x and any positive real numbers a and b such that , an exponential decay function has the form 
· 
where 
· a is the initial value of the function.
· b is the decay factor.
· r = 1-b is the decay rate.

2. For problem 1, find the initial value, growth factor, and growth rate of   Do the same for decay with 

3.  The population of China was about 1.39 billion in the year 2017, growing exponentially with an annual growth rate of about 0.6%. 

a) Find a function that gives the approximate population of China t years after 2017.
b) What is the predicted population of China for the year 2031?

Compound interest formula

Savings accounts in which the interest earnings are reinvested use compound interest. The term compounding refers to interest earned not only on the original value, but on the accumulated value to the account.
We can calculate the compound interest using the compound interest formula, which is the exponential function:

where P is the principal (the initial amount), r is the annual percentage rate (APR), n number of compounding periods in a year and A(t) is the account value after t years.  Note r is written as a decimal, so 1% is r=0.01, for example.

4. Loans also use compound interest, almost always compounded daily.  Suppose you get a loan for $100,000 with a 7% interest rate.  Imagine you make no payments for 6 years and then pay off the loan in full. (This is not a realistic situation as you usually are required to make monthly payments.)
a. How much will you owe after 6 years if the loan is compounded daily (assume 365 days per year)?  
b. How much more will you owe since it is compounded daily than you would owe if it was compounded annually?

5. A 529 Plan is a college-savings plan that allows relatives to invest money to pay for a child’s future college tuition; the account grows tax-free. Maria wants to set up a 529 account for her new granddaughter and wants the account to grow to $40,000 over 18 years. Maria gets a fixed interest rate of 1.85%.  Assume the account is compounded monthly. To the nearest dollar, how much will Maria need to invest in the account now to guarantee that it contains $40,000 after 18 years?
6. In this problem, we will try to understand why the compound interest formula works, so do not use that formula in your explanations!
a. Explain why the formula for interest compounded annually makes sense. The formula is , for t in years.  (Think about t=1, t=2, etc.)
b. Now, imagine the bank is giving interest 4 times a year instead of 1 time per year.  Imagine a 1% annual interest rate.  Every 3 months, the bank wants to give some interest.  Why does it make sense that they don’t want to give 1% interest every 3 months?  What actual percent interest should they give every 3 months?  How does it relate to the formula for compound interest?
c. Considering that they give that interest 4 times a year, explain why at the end of one year, there should be the following amount in the account:

d. Put what you have discovered together to explain the formula for compound interest.

The irrational number e

Examine the value of $1 invested at 100% interest for 1 year, compounded at various frequencies.  What do you notice?
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The number e

The letter e represents the irrational number that gets closer and closer to as n increases without bound.
The mathematical constant e is used as a base for many real-world exponential models.  It is approximately 2.718282, but like π, it is an irrational number.  Your calculator should have a button for e.  The exponential function  is extremely important in mathematics.  You will see if you take a calculus course that the function is its own derivative.
Continuous growth/decay

Exponential models that use e as the base are called continuous growth or decay models. We see these models in finance, computer science, and most of the sciences.

For all real numbers t, and all positive numbers a and r, continuous growth or decay is represented by the formula

where 
· a is the initial value,
· r is the continuous growth per unit time,
· t is the elapsed time.
If r>0, then the formula represents continuous growth. If r<0, then the formula represents continuous decay.

When dealing with interest compounded continuously, this formula is usually represented as:

Note that interest compounded continuously means that it is compounded more than daily, more than every second, but constantly.  It is hard to imagine because it isn’t something that can happen in real life, only in mathematics.  What is important to remember is that it is interest compound the most often, so  will be higher than if it were compounded with any other frequency.

7. Suppose you get a loan for $100,000 with a 7% annual interest rate compounded continuously.  How much will you owe after 6 years?
8. Radon-222 decays continuously at a rate of 18.1% decay per day, which is an r value of -.181.  How much will remain of 100 mg of Radon-222 after 3 days?
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