1e  - Inverse Functions
Objectives:
The goals of the unit are that you will be able to:
· Know what it means to say a function is the inverse of another.
· Determine whether a function has an inverse function.
· Find the inverse of a function.
· Determine the domain and range of an inverse function, including restricting the domain to make it one-to-one.
· Graph the inverse function of a given function.
Textbook Section (OpenStax Precalculus):
Section 1.7: Inverse Functions
Motivating Questions
· How can we undo functions?  Can we undo every function?
Inverse functions
1. In order to convert a temperature from Celsius to Fahrenheit, we use the formula:
 , where C is the temperature in Celsius, F is the temperature in Fahrenheit, and g is the conversion function as shown.
a. First, use the formula to convert 25 degrees Celsius to Fahrenheit.

b.  Solve the equation  for C in terms of F.  You should get C=h(F) for some function h.
c. Now, we have two functions g and h.  Find  and simplify as much as possible.
d. Find and simplify as much as possible.
e.  Explain why it shouldn’t be surprising that your answers were so simple.  What are the composition functions doing to the inputs?
Inverse function: For any one-to-one function , a function  is the inverse function of f if whenever  then   In other words, 
 and  
for all  in the domain of  and  in the domain of 
Let’s draw a picture of function machines that show the relationship between a function and its inverse:

2. True or false: The function undoes the action of  and the function  undoes the action of .




3. Note that the notation  looks like an exponent.  It is very important to note that it is not an exponent!  Find the inverse of by thinking about how to undo that function.  Is it the same or different from the function 

4. Note that if a function f has an inverse and  then   
a.  Suppose f is a function where   What point do we know is on the graph of f and what point do we know must be on the graph of ?


b. If (a,b) is on the graph of f, what is on the graph of 




c.  Sketch a graph of .  Then, sketch a graph of its inverse by using what you learned in the previous parts of this problem to find points that will be on the graph.



d. The graph of a function and its inverse are always reflections of each other across a particular line.  Which line is it?





5. Let’s see why it is necessary for a function to be one-to-one in order to have an inverse.  Consider   
a. Is f one-to-one?
b. Sketch a graph of f.  Plot a few points on your graph, with both positive and negative values of x.  
c. Now swap the x and y values of the points you plotted to get points that would be on the graph of the inverse of f, if f had an inverse.  Is there anything about the potential graph of  that seems problematic?  
d. Why must a function be one-to-one in order to have an inverse?

6. True or false: The domain of f is the range of its inverse.
True or false: The range of f is the domain of its inverse.
[bookmark: _GoBack]Method of finding inverses: Given a function f that is one-to-one, to find  first write as  then swap the variables x and y, and then solve for y in terms of x to get   Finally, we must find the proper domain of  by finding the range of 
7.  Find the inverse of   Also state the domain and range of both  and its inverse.  Graph both  and its inverse. (Caution: the domain of the inverse is not all real numbers!)


Restricting the domain: In order for a function to have an inverse, it must be one-to-one, so if we want to find an inverse of a function that is not one-to-one, we first need to restrict the domain so that it is one-to-one on that domain.  Note that in problem 7, we had to restrict the domain of  so that it would be invertible (i.e. having an inverse).  All one-to-one functions are invertible, so “one-to-one” and “invertible” are equivalent.
8. Find the inverse of   Then state the domain and range of both f and its inverse and graph both functions.


9. Critique the following definition of inverse functions:
	“Two functions are inverses of each other if they are opposites.”















10. Invertible functions are exactly the functions that are one-to-one.  Invertible functions are important in the real world because they are functions that can be undone.  For example, imagine we are sending a secret message and we use an encryption function to encode the message.  The decryption function must be the inverse of the encryption function.  Think of more real world examples of invertible functions.  They don’t need to involve numbers!  
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