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Review: Graphs

Basic Graph Definitions
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/>~ Directed and Undirected Graphs (2

|
|

o A graph G = (V, E) consists of a vertex set V of n = |V | vertices/nodes
and an edge set E of m = |E| edges.

* Directed graph (digraph): Edge (u, v) goes from vertex u to vertex v.
* (u,v) is an outgoing edge for u and an incoming edge for v.
* (v,v)is a self-loop goes from v to itself.

* Undirected graph: (u,v) and (v, u) are the same edge, with u # v.

bl
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.~ Directed and Undirected Graphs «
| _\

2\
*"In an undirected graph, the degree of a vertex v is:

deg(v) = the number of edges that touch v
s In a directed graph, the degree of a vertex v is:
deg(v) = deg™(v) + deg™(v),
where

* the in-degree of vis deg™ (v) = the number of incoming edges for v
* the out-degree of v is deg™ () = the number of edges outgoing from v
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. > | Simple Path and Cycle

.\
* A path is a sequence of vertices vy, v, ***, V) such that there exists an edge

(vi_q,v;)fori=1,2,---, k.
» A simple path is a path where all vertices in the path are distinct.
* Acycleis a path with vy = vy,.
* Asimple cycle is a cycle where all vertices v4, v, --+, v}, are distinct.
* A graph with no cycles is called an acyclic graph.
* Unless specified otherwise, we assume c g
* No multiple edges connecting two vertices ' .9
* A path is a simple path e‘a

* Acycleis a simple cycle
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Y > | Connectivity in Graphs
|

' An undirected graph G = (V, E) is called connected if for every pair of
vertices u, v € V, there exists a path from u to v.

* A tree is a connected acyclic graph.

* A connected component of an undirected graph G is a
maximal connected subgraph of .

: the subgraph on vertex set {1, 2, 5}

* Adirected graph G = (V, E) is called strongly-connected
if for every pair of vertices u, v € V, there exist a path Q’

from u to v and a path from v to u. (D (3
* A strongly connected component of a directed graph G
is @ maximal strongly connected subgraph of G.

the subgraph on vertex set {1, 2,4, 5} Ol ONO
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Review: Graphs

Representations of Graphs
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Graph Representation

,\
* Given graph G = (V, E), either directed or undirected, we represent the

vertex set V by G.V and edge set E by G. E in pseudocode.
‘» Two common ways to represent graphs for algorithms:
* Adjacency lists
* Adjacency matrix

 When expressing the running time of a graph algorithm, it’s often in terms
of bothn = |V|and m = |E|.

* |n asymptotic notation — and only in asymptotic notation — we may drop
the cardinality.

OV +E)=0(n+m)
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.‘
Represent G = (V, E), with
n = |V|andm = |E|, by
« AnXn matrix A = 1a;;}
L[ G eE
Y10, otherwise

Advantage: can check if some
edge (u,v) € Ein (1) time.

Disadvantage: requires 0(n?)
space even when m < n2.

" Graph Representation: Adjacency Matrix

1 2 3 4 5
1{o 1 0 0 1
0 (2, 211 0 1 1 1
"Q 310 1.0 1 0
410 11 0 1
& (4 50110 1 0
1 2 3 4 5 6
1fo 101 0 0
@ (2 (3) 2/0000 10
‘ 30 00 0 1 1
410 1.0 0 0 0
500 001 00
O © 6000001
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" Graph Representation: Adjacency Lists ()

Represent G = (V,E), withn = |V|and m = |E|, by

* An array Adj of n lists.

« List Adj[u] has all vertices v such that (u, v) € E.

Disadvantage: requires O (| Adj(u) |) time to check if (u,v) € E.

In an undirected graph, total length of the n lists = ).,y |[Adj(u)| = 2m.
Advantage: O(n + m) space, better than ©(n?) when m < n?.

Adj
1 > 2 > 5|/
09 » [ O G B
31— 2 > 4 |/
‘.e 4 > 2 > 5 > 3|/
9 e 51—+ 4 > 1| 2|/
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\ > Graph Representation: Adjacency Lists ./

Represent G = (V,E), withn = |V|and m = |E|, by

* An array Adj of n lists.

« List Adj[u] has all vertices v such that (u, v) € E.

In a digraph, total length of the n lists = ),y |Adj(u)| = m.

Space is still (n + m). Adj
1 2| 4|/
2 >~ 5|/
O—0 6 s [SH6] FEI7
V% JEice
5 >~ 4 |/
) & (6] 6| 6]/

Note: In this course, unless specified otherwise, we assume graphs are represented
by adjacency lists.

DR. YAO XU, DEPARTMENT OF COMPUTER SCIENCE, GEORGIA SOUTHERN UNIVERSITY CSCl 4330, Fall 2022 12



Review: Graph Traversal

Breadth-First Search (BFS)

/
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|

BFS(G,s)

0 ON N kW

Ne

11
12
13
14
15
16
17
18

u.color = WHITE
u.d = oo
u.m = NIL
s.color = GRAY
s.d =0
§.@ = NIL
) =¥
ENQUEUE(Q, s)
while O # 0
u = DEQUEUE(Q)
for ecach v € G.Adju]
if v.color == WHITE
V.color = GRAY
v.d =u.d+1
D = U
ENQUEUE(Q, v)
u.color = BLACK

Breadth-First Search 3

Three attributes for each vertex:

I for cach vertex u € G.V — {5} e zc._ c_of]m;j)= WHITE (unvisited) or GRAY (discovered) or BLACK
inishe

= distance (smallest #edges) from s to v

* v. 1 =the predecessor of v in the breadth-first tree

e

Adj

1| 2] 5]/

2| 1| A5 3] 4]/
3| 2] dHa]s

4| 2] 5| B3]/
s|—pla] 1] 2]/

NIL
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N\ \ Breadth-First Search . :

______ N

R ] . .

e | BFS(G) Running time of BFS(G):

: 1 for each vertex u € G.V — {s}| for each vertexu € G.V . . )

| g u.cciolor — WHITE : ucolor = WHITE * Using adjacency matrix:

| u.d = o0 .

| 4 Wt = NIL : u.d = oo ® n+2n=n+n2

| 5 s.color = GRAY | u.t = NIL

: 6 s5d=0 : for cachu € G.V szV

: ; SQ'n::@NIL | if u.color == WHITE — @(Tl )

| 9 ENQUEUE(Q.,s) : BFS-VISIT(G, u) * Using adjacency lists:

:10 while O # ¢ |

l}; ;,.[ — DEQUE%Eg%? : BF.S-VISIT(G, S) @ n+ z deg(v) —n 4+ Zm

| oreachv € G.Adjlul 1 //lines 5-18 of BFS(G, s)

13 if v.color == WHITE | VEV

|14 v.color = GRAY | — @(n + m)

:w vd—ud+1|

|}g E;TQJEE‘E(Q ) | Warning: By BFS(G, s), vertices in other connected
vV .

:18 5 Eallomn pr pavarie J components wouldn't be discovered!!!
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Review: Graph Traversal

Depth-First Search (DFS)

/
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\ \
|

DFS(G)

for each vertex u € G.V
u.color = WHITE
Uu.mw = NIL

time = 0

for each vertex u € G.V
if u.color == WHITE

DFS-VISIT(G, u)

DFS-VISIT(G, u)

time = time + 1

u.d = time

3. color = GRAY

for each v € G.Adju]

if v.color == WHITE

9=
DFS-VISIT(G, )

u.color = BLACK

time = time + 1

u.f = time

~NON ks W -

SO O 0NN B Wi -

[—

Depth-First Search .2

Three attributes for each vertex:

e v.color = WHITE (unvisited) or GRAY (discovered) or BLACK

(finished)

* v. 1 = the predecessor of v in the depth-first tree/forest
= discovery time of v

* v. [ =finish time of v

AN L B W N =

Adj

Y

Y

Y

Y

Y

Y

2| P4/ (4)
51/
6 > 5|/ %
2|/ V. TT
4|/
6|/

v.f

1 2 3 4 5 6
NIL| 1 |[NIL| 5 2 3
1 2 1914 | 3|10
8 | 7 (12| 5 6 | 11
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DFS(G)

1 foreach vertexu € G.V

2 u.color = WHITE

3 u.w = NIL

4 time =0

5 foreachvertexu € G.V

6 if u.color == WHITE

7 DFS-VISIT(G, u)

DFS-VISIT(G, u)

time = time + 1

u.d = time

3. color = GRAY

for each v € G.Adju]

if v.color == WHITE

9=
DFS-VIsIT(G, V)

u.color = BLACK

time = time + 1

u.f = time

SO O 0NN B Wi -

[—

Depth-First Search .2 .

* Running time of DFS(G):
* Using adjacency matrix:

© n+z:n=n+n2 = 0(n?)

vevV
e Using adjacency lists:

O n+2deg(v)=n+2m = 0(n+m)

vevV
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Review: Graph Traversal

Classification of Edges
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Classification of Edges

\L ’

Based on the breadth-first tree/forest or DFS for a digraph

depth-first tree/forest, edges in the
.original graph can be classified into the

following four types.

1. Tree edge: an edge (u, v) in the
breadth-first or depth-first tree/forest

2. Back edge: a non-tree edge (u, v)
where v is an ancestor of u in the tree,
including self-loops in digraphs

3. Forward edge: a non-tree edge (u, v)
where v is a descendent of u in the tree

“back” = “forward” in undirected graphs.
4. Cross edge: any other edge

Bold gray: Tree edge
B: Back edge

F: Forward edge

C: Cross edge
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. > | BFS Edges

|
BFS for undirected graphs: BFS for directed graphs:
* Have only tree and cross edges * Have only tree, back, and cross edges
' No back/forward edges * No forward edges

2 %

Tree edges: (1, 2), (1, 5), (2, 3), (2, 4) Tree edges: (1, 2), (1, 4), (2, 5), (3, 6)
Cross edges: (2, 5), (3, 4), (4, 5) Back edge: (6, 6)
Cross edge: (3, 5), (4, 2), (5, 4)
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DFS Edges

: |

|
DFS for undirected graphs: DFS for directed graphs:

e Have only tree and back/forward edges e Can have all four types of edges

" No cross edges

(D——2)
‘.o
@—@
Tree edges: (1, 2), (2, 5), (3, 4), (4, 5)
Back/Forward edges: (1, 5), (2, 3), (2, 4)
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Topological Sort
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L\ Topological Sort

.\
* Topological Sort (of a graph): A linear ordering of vertices such that if edge -

(u,v) € E, then u appears somewhere before v.

'« If a directed graph has a topological sort, we can find an assighnment of a
unique number {1, 2, ---, n} to each vertex such that all edges are heading
forward.

Topological sort:
- ABCDE
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L Topological Sort of A DAG

.\
* Directed Acyclic Graph (DAG): A directed graph with no cycles.

Theorem: G is a DAG iff G has a topological sort.
Proof.

° ((c”:
* |If ¢ has a topological sort, we can find an assignment of a unique

number {1, 2, -+, n} to each vertex in G such that all edges are heading
forward.

e So, there must be no cyclein G = G is a DAG.
~ u:>n:*
* Algorithm TOPOLOGICAL-SORT will find a topological sort of a DAG.

* For “=7, see the complete proof of Theorem 22.12 on p.614 of the textbook.
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TOPOLOGICAL-SORT(G)

Find Topological Sort

Call DFS(G) to compute finishing times v. f for each vertex v € G.V
* During DFS, as each vertex 1s finished, insert it onto the front of a linked list.

* There is no need to perform
g = fenis 1 a sorting algorithm for

5 e decreasing finishing times.

for each v € G.Adj[u]
if v.color == WHITE

VT = u * Running time: O(n + m)

DFS-VISIT(G,v)
i.color = BLACK (Same ds DFS)

time = time + 1

* |t can be done as part of DFS.

1.
2. return the linked list of vertices
DFS(G) DFS-VISIT(G, u)
1 foreach vertexu € G.V 1
2 U.color = WHITE 2 9d =dime
3 u.w = NIL 5
4 time = 0 4
5 foreachvertexu € G.V “
6 if u.color == WHITE 6
7 DFS-ViIsIT(G,u) 7
8
9
0

[—

u.f = time
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L\ Topological Sort Example

|
TOPOLOGICAL-SORT(G)

1. Call DFS(G) to compute finishing times v. f for each vertex v € G.V
* During DFS, as each vertex 1s finished, insert it onto the front of a linked list.

2. return the linked list of vertices
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.~ |  Correctness of Topological Sort

|
Theorem. Algorithm TOPOLOGICAL-SORT produces a DFS(G)
topological sort of the input DAG G.” 1 for each vertex u € G.V

2 u.color = WHITE
’ 3 g = INEL
Proof. Show that for every edge (w,v) € E,u.f >v.f. | . "%
Case 1: u d < v d 5 foreach vertexu € G.V
e ' 6 if u.color == WHITE
* Based on DFS, v becomes BLACK before u. i D VISIG )

DFS-VISIT(G, u)

time = time + 1

u.d = time

u.color = GRAY

for each v € G.Adj|u]

if v.color == WHITE

D=
DFS-VISIT(G, v)

u.color = BLACK

time = time + 1

* Then, we haveu. f > v.f

Case2: u.d > v.d

* ( has no cycle, so there is no path from v to u.
* u will not be visited by DFS-VISIT(G, v).

*u.d >v.dimpliesu.f >v.f

O O 00O B~ Wi =

k.

u.f = time

* See Theorem 22.12 on p.614 of the textbook.

DR. YAO XU, DEPARTMENT OF COMPUTER SCIENCE, GEORGIA SOUTHERN UNIVERSITY CSCl 4330, Fall 2022

28



Topological Sort
Longest Path in a DAG

— I :
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Longest Path in a DAG

,\
* Given a DAG G, define L((7, v) as the length of
the longest path in G starting with v.

' Then the length of the longest path in G will be
max{L(G,v)}
VeV

* If S is atopological sort of G and u is the first
vertex in S, then

L(G,u) = max {L(G,v)}+1,

VENT(u)
where N*(u) is the set of out-neighbors of u.
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DP for Longest Path in DAG (3

Step 1: Find a recurrence relation

* The length of the longest path in G starting with u is

(0, ifNt(u) =0
L(G,uw) =11+ max {L(G,v)}, otherwise

VENT(u)

Step 2: Count #distinct recursive calls —n = |V|

Step 3: Define an array L of size n.

* L[k] will hold the value of L(G, v;), where vy is the k-th vertex in the
topological sort of G.

* Fill the array L according to the recurrence relation.

* The largest element in L will be the length of the longest path in G.
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DP for Longest Path in DAG .

l
Step 3 (cont’d): Fill the array L according to the following recurrence

(O, if Nt (u) =@
Llul =91+ max L[v], otherwise
VENT(u)
LONGEST-PATH-DAG(G)
1 §=TOPOLOGICAL-SORT(G) . ‘ A 3 C D E
2 for each v in downward order of S
3 LP]=0 ol |
4 for each u € N*[v]
5 if 1+ L[u] > L[v] Running time: O(n + m)
6 Lv]=1+L[u]
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== DP for Longest Path in DAG ¢

.\
Step 4: Extract a longest path from array L.

PRINT-LONGEST-PATH-DAG(G, S, L)

1 i=FIND-MAX(L) // return the index
2 v=_5[i]

3 while v # NIL

4 PRINT(V)

5 nextnode = NIL

6 for each u € N*[v]
7 if L[v]==1+ L[u]
8
9

nextnode = u
v = nextnode Running time: ©(n + m)
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. > - Strongly Connected Components

,\
* Given a digraph G = (V, E), a strongly connected component (SCC) of G is -
a maximal set of vertices C € I such that for any two vertices u, v € C,
* thereis a path from u to v and also a path from v to u.

* Define SCC(u) as the set of all nodes that are reachable from u and that u
is also reachable from every one of them.

e Claim 1: If u and v are reachable from each other, then SCC(u) = SCC (v)
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Properties of SCCs .3

|
* Define G = (V,E") as the transpose of G, with all edges reversed.

* Claim 2: G and G! have the same SCCs.
e Claim 3: The SCCs of G form a partition of V into {Cy, C5, :-- Ci }. That s,

C;UCU--UC,=Vand(C;NC; =Qforanyi # j.
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. | Properties of SCCs /3

.‘
* Create a component graph Gscc = (Vsce, Escc), where

* Vsco = {x1, x5, , X }, with each vertex x; representing a SCC (;
* Egcc has an edge (x;, x;) iff (u,v) € E withu € C; and v € (.

DR. YAO XU, DEPARTMENT OF COMPUTER SCIENCE, GEORGIA SOUTHERN UNIVERSITY CSCl 4330, Fall 2022 37



L Properties of SCCs /3

l
Claim 4: Gg. is a DAG.
Proof. By contradiction.

* If Ggcc is not a DAG, then there is a cycle (xi,xj, ,xi) in Gscc.

* Consider vertices v; € C; and v; € ;. There is a path from v; to v; and also a
path from v; to v;. v; and v; should be in the same SCC. (Claim 1)

A contradiction: C; and (; are different SCCs.
(D

G GSCC
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Finding SCCs

~

SCC(G)
1. Call DFS(G) to get a decreasing v. f order “E
2. Create GT

3. Call DFS(G") with the main DFS loop traversing nodes in a decreasing v. f order
(computed in step 1)

4. return the vertex set of each tree of the depth-first forest of GT formed in step 3

Running time: O(n + m)
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.~ " Intuition for the Correctness (Optional) .

|
* First, observe that (G1)¢cc= (Gsco)'.

GSCC (GT)SCC
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" Intuition for the Correctness (Optional) s

.\
* For any SCC C; of G, let w; be the node with the largest finishing time.
* Let wy, wy, :++, Wi be in descending order of finishing time.

* As Ggcc is a DAG (Claim 4), x4, x5, -+, X is a topological sort of Ggec.
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.~ " Intuition for the Correctness (Optional)

,\
* As Ggoc is a DAG (Claim 4), x1, x5, -+, X}, is a topological sort of Ggec.

* S0, X1, X2,"*, Xy is the inverse of a topological sort of (GDscc.

* This means that not a single edge leaves x; in (G1)scc.

Gy—=

(GT)SCC
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" Intuition for the Correctness (Optional)

SCC(G)

1. Call DFS(G) to get a decreasing v. f order

2.  Create GT

3. Call DFS(G') with the main DFS loop traversing nodes in a decreasing v. f order (computed in step 1)
4. return the vertex set of each tree of the depth-first forest of GT formed in step 3

* Not a single edge leaves x; in (GT)¢cc.

* wy (with largest finishing time) is the first vertex in the DFS(GY) call.

* Therefore, all vertices reachable from w; are the vertices in SCC(wy) = C;.

a b - d @ .
T T
G (G )SCC
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.~ " Intuition for the Correctness (Optional) s

SCC(G)

1. Call DFS(G) to get a decreasing v. f order

2.  Create GT

3. Call DFS(G') with the main DFS loop traversing nodes in a decreasing v. f order (computed in step 1)
4. return the vertex set of each tree of the depth-first forest of GT formed in step 3

e Continue inductively to argue that:

* By the time w; is discovered in the DFS(GY) call, all the vertices in SCCs Cy, C5, -+-,
C;_1 are already BLACK, so w; will only reach vertices in C;.

y b - d @ .
T T
G (G )SCC
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Thank you!
Questions?
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